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Abstract: In this paper, we study the following Kirchhoff type problem: 

— (a \Vu\^dx + l] Au + {Xa{x) + aQ)u = \u\^~^u in 

V 

u € 

where 4 < p < 6, a and A are two positive parameters, oq G R is a (possibly negative) constant and 
a(x) > 0 is the potential well. By the variational method, we investigate the existence of nontrivial 
solutions to {Va,\)- To our best knowledge, it is the first time that the nontrivial solution of the 
Kirchhoff type problem is found in the indefinite case. We also obtain the concentration behaviors 
of the solutions as A —>■ +oo. 
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1 Introduction 

In this paper, we will study the following Kirchhoff type problem: 

— (a iVitPdx + 1 I Alt + (Aa(a:) + ao)it = in R^, 

V J iVc.,x) 

u € 

where 4 < p < 6, a and A are two positive parameters, oq G R is a constant and a{x) is a potential 
satisfying some conditions to be specihed later. 

The Kirchhoff type problems in bounded domains is one of most popular nonlocal problems in 
the study areas of elliptic equations (cf. O [6l [TSl [TTl [2T1 [22l and the references therein). One 
motivation comes from the very important application to such problems in physics. Indeed, The 
Kirchhoff type problem in bounded domains is related to the stationary analogue of the following 
model: 

utt — J \Vufdx + l3 

u = 0 on5Ox(0,T), 
it(x, 0) = ito(x), Ut{x,0) = u* (x), 
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Au = /i(x, u) in X (0, T), 


( 1 . 1 ) 
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where T > 0 is a constant, uo,u* are continuous functions. Such model was first proposed by 
Kirchhoff in 1883 as an extension of the classical D’Alembert’s wave equations for free vibration of 
elastic strings, Kirchhoff’s model takes into account the changes in length of the string produced 
by transverse vibrations. In (ll.l[) . u denotes the displacement, h{x, u) the external force and /? the 
initial tension while a is related to the intrinsic properties of the string (such as Youngs modulus). 
For more details on the physical background of Kirchhoff type problems, we refer the readers to 

[Din]. 

The Kirchhoff type nonlocal term was introduced to the elliptic equations in by He and Zou 
in where, by using the variational method, some existence results of the nontrivial solutions 
were obtained. Since then, many papers have been devoted to such topic, see for example [niini 
and the references therein. In particular, in a very recent paper |23j . Sun and Wu 
have studied the following Kirchhoff type problem: 



where > 0 are parameters and a(x) satisfies the following conditions: 

(Ai) a(x) G and a(x) > 0 on R^. 

(A 2 ) There exists Ooo > 0 such that |Acxj| < + 00 , where Aoo = {x € R^ | a{x) < Ooc} and |Aoo| is 
the Lebesgue measure of the set Aoo- 

(A 3 ) Gl = inta“^(0) is a bounded domain and has smooth boundaries with ft = a“^(0). 

By using the variational method, they obtain some existence and non-existence results of the non¬ 
trivial solutions when /(x, u) is 1-asymptotically linear, 3-asymptotically linear or 4~asymptotically 
linear at infinity. 

Under the conditions (Ai)-(A 3 ), Aa(x) is called as the steep potential well for A sufficiently large 
and the depth of the well is controlled by the parameter A. Such potentials were first introduced by 
Bartsch and Wang in [3] for the scafar Schrddinger equations. An interesting phenomenon for this 
kind of Schrddinger equations is that, one can expect to find the solutions which are concentrated 
at the bottom of the wells as the depth goes to infinity. Due to this interesting property, such 
topic for the scalar Schrddinger equations was studied extensively in the past decade. We refer the 
readers to d El m uni m] and the references therein. Recently, the steep potential well was also 
considered for some other elliptic equations and systems, see for example [SJiniEHllliEH] and the 
references therein. To our best knowledge, most of the literatures on this topic are devoted to the 
definite case while the indefinite case was only considered in mm for the the scalar Schrddinger 
equations and in [28] for the Schrddinger-Poisson systems. 

Inspired by the above facts, we wonder what will happen for the Kirchhoff type problem with 
steep potential wells in the indefinite case of a < 0? To our best knowledge, this kind of problems 
has not been studied yet in the literatures. Thus, the purpose of this paper is to explore the 
preceding problems. 

Before stating our results, we shall introduce some notations. By the condition (A 3 ), it is well 
known that in the case of uq ^ 0 , all the eigenvalues { 7 ^} of the following problem 

— AM = 7|ao|u uGH^ifl) ( 1 - 2 ) 

satisfy 71 < 72 < 73 < • • • < 7 i < • ■ • with 7 ^ —>■ -l-oo as i ^ 00 and the multiplicity of 7 ^ is finite 
for every i S N. In particular, 71 is simple. For each i £ N, denote the corresponding eigenfunctions 
and the eigenspace of 7 ^ by and A/) =span{tpij}j^i^ 2 ,- - M respectively, where ki 

are the multiplicity of 7 ;, then (fij can be chosen so that and can form 

a basis of Hg(D). Let 

fcg = inf{fc I 7 fc > 1}, (1.3) 

then our main result in this paper can be stated as follows. 


2 


Theorem 1.1 Suppose that the conditions (Ai)-(A 3 ) hold. If either uq > 0 or oq < 0 with 
Ik*-! < 1 then there exist positive constants a* and A* such that {'Pa,\) has a nontrivial solution 
Ua,x for all A > A* and a € (0, a*). Moreover, Ua.\ —>• Ua strongly in as A — > +oo up to 

a subsequence and Ua is a nontrivial solution of the following Kirchhoff type problem: 


— ^aj + 1^ Alt + aoM = |m|^ 


It = 0 


in fl, 

on on. 


in) 


Remark 1.1 (a) If ag < 0 with |ao| large enough then it is easy to see that fcg > 1. It follows 

that {Va,x) is indefinite in a suitable Hilbert space (see Lemma 1^751 for more details). To out 
best knowledge, Theorem 1 1.1 1 is the first result for the Kirchhoff type problem in for the 
indefinite case. 

(6) Theorem 11.11 also gives the existence of nontrivial solutions to ('P*). Note that (P*) is also 
indefinite if oq < 0 with |ao| large enough. Thus, to our best knowledge, it is also the first 
result for the Kirchhoff type problem on bounded domains in the indefinite case. 

Through this paper, C and Ci{i = 1,2, •••) will be indiscriminately used to denote various 
positive constants. o„(l) and oa(1) will always denote the quantities tending towards zero as 
n —>• oo and A —)• +oo respecitvely. 


2 The variational setting 

By the condition (Ai), we see that for every oq € R and A > max{0, 

E = {u & I / a{x)u^dx < +oo} 

equipped with the following inner product 

{u,v)x= / (VuVn + (Aa(a;) + ao)~''ur’)(ia; 

is a Hilbert space, which we will denote by E\, where (Aa(a;) + ao)“'' = max{Aa(x) + ao,0}. The 
corresponding norm on E\ is given by 


l|w|U = 


(|Vitf + (Aa(x) + aoyu^)dx 


It follows from the Holder inequality, the Sobolev inequality and the conditions (Ai)-(A 2 ) that for 
every u G E\ with A > max{0, 


^dx = 


^dx - 


^dx 


/R3 


Ir^\a„ 


< lAooh-S ^ [ \Vu\^dx-\ --- f {Xa{x) + ao)'^u'^dx 

7r 3 UQ + OooA 

} f (IVmI^ + {Xa{x) + ao)'^u'^)dx 

Jr3 


< max{|Acx.h-S' \ 


Oq OqqX 


and 


{j \u\^dx)p < Sp ^ [ I {\VuY +uydx 


< S'p ^ Wl + max{IAoo 125 “\ 


-/ (|Vit|^ + (Aa(a::) + ao)^M^)da; 

OO + flooA \ Jr3 
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where S and Sp are the best Sobolev embedding constant from to and H^(R^) 

to LP(B.'^) respectively, that is, 

S = mf{||VM|||2(R3) I u e ||'u||i6(R3) = 1} 

and 

Sp = inf{||VM||^2(R3) + ||M||i2(R3) I u € ||u|||p(R3) = 1}, 

where || • ||lp(r3 ) is the usual norm in for all p > 1. 

Let d\ = Y^max{|^oo|^»5'~^, ap+i a I’ have 

II'u||l 2 (r'V) < dAllwlU and | 1 m||lp(r 3 ) < Sp ^ \Jl + dlHitHA, ( 2 . 1 ) 

which yields that Ex is embedded continuously into for A > max{0, Moreover, by 

using m, the conditions ( 24 i)“( 242 ) and by following a standard argument, we can show that 
corresponding energy functional Ja,\iu) to the Problem {Va,\), given by 

Jc^Au) = |l|Vu||^2(R3) + i + ao)A)dx - l|lM|lip(R3), 

is A in E\ for A > maxjO, For the sake of convenience, we re-write the energy functional 

Ja(m) by 

Ja.A(u) = 5||VU||12(R3) + 1\\U\\1 - ^V,{U,U) - Vllip(R3), 

where 'D\{u,v) = fg^s(Aa(x) + ao)~uvdx and {Xa{x) -I- ao)“ = max{ —(Aa(a;) -I- ao),0}. In what 
follows, inspired by laEH], we shall make some further observations on the functional 'Dx{u,u). 

By the condition (^di), Jjj 3 (Aa(a;) -|-ao)u^(ia; > 0 for all u £ E\ with A > 0 in the case of oq > 0. 
It follows that V\{u, u) is definite on Ex with A > 0 in the case of oq > 0. Let us consider the case 
of oo < 0 in what follows. Let 


AIa := {x e I Xa{x) -I- oq < 0}, 

then by the condition (Aa), we have Xl C AIa, which means that Ax ^ 0 for every A > 0, and 
moreover, by the conditions {Al)-(A 2 )^ the real number 

Aq := inf{A > 0 | |aIa| < -boo}. 

satisfies 0 < Aq < For A > Aq, we define 

Ex ■= {u £ Ex \ suppw C 

It follows from the conditions (Ai)-(A 3 ) that Ex is nonempty, closed and convex with Ex ^ Ex- 
Hence, Ex = Ex® E^ and E^ 7 b 0 for A > Aq in the case of oq < 0, where E^ is the orthogonal 
complement of Ex in Ex- 

Lemma 2.1 Let 

/3(A) := inf ||m|||, 

u^j-^ nOx 

where Da := {u £ Ex \ Exiu^u) = 1}. If the conditions (Ai)~(A 3 ) hold, then /3(A) is nondecreasing 
as the function of X on (Ao,-l-oo) and /3(A) can be attained by some e(A) £ EA Furthermore, 
(e(A),/3(A)) —>■ (ipi, 7 i) strongly in x K as A —?► -boo up to a subsequence. 

Proof. First, thanks to the definition of Aq, we see that Vx{u,u) and ||u||| are weakly continuous 
and weakly low seini-continuous on E^ respecitvely. Thus, we can use a standard argument to 
show that /3(A) can be attained by some e(A) £ E^ D Da for all A > Aq. 
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Next, we will show that /3(A) is nondecreasing as the function of A on (Ao,+oo). Indeed, let 
Ai > A 2 , then by the definition of E\, we have in the sense of sets. It follows that 

C J^Ai, which implies C Note that ||m|||j > and V\^{u,u) < T>\^{u,u) for all 

u G Ex^ by the condition (Ai). Thus, due to the definition of /3(Ai) and / 3 (A 2 ), we can see that 
/ 3 (A 2 ) < /3(Ai), that is, /3(A) is nondecreasing as a functional of A on (Ag, + 00 ). 

Finally, we shall prove that (e(A),/3(A)) —>■ strongly in iJ^(R^) x R as A —+00 up to a 

subsequence. In fact, since Jg^^{Xa(x) + aQ)~[e{X)]^dx = I, it implies that 

lim f (a(a:) + ^)'''[e(A)]^dx = 0 . ( 2 . 2 ) 

A->+oo yjja A 

Note that Hq{Q) C for all A > Ag due to the condition (A 3 ), we can easily show that 0 < /3(A) < 
7 i for all A > Ag. It follows from (12.11) that {e(A)} is bounded in iJ^(R^) for A. Without loss of 
generality, we assume that e(A) ^ e* weakly in and /3(A) —>■ /3* as A —+ 00 . By the Sobolev 

embedding theorem, the condition (A 2 ) and (12.2p . we must have (e*,/3*) G Hq{Q) x R+ satisfying 
e* = 0 outside fl and IooP/q \e*\'^dx = 1 and (e(A),/3(A)) —>■ strongly in L^(]R^) x R as 

A —> +00 up to a subsequence, which gives that 


7 i > / (|Ve(A)p + (Aa(a;) + ao)+[e(A)]^)dx 

> [ \Ve*\^dx + ox{l) 

Jn 

> 7i+oa(1). (2.3) 


Hence, (e(A), /3(A)) —>■ (e*, 71 ) strongly in iJ^(R^) x R as A —> +00 up to a subsequence and (e*, 71 ) 
satisfies 


7i 


|V, 


i*\^dx 


inf 

ugffi(n)\{o} 


\Vu\‘^dx 
|aop/n \u\‘^dx' 


Thus, e* = (pi and we complete the proof. 


I 


We re-denote the above (e(A),/3(A)) by (ei(A),/3i(A)) and define 


■■= <uGE: 


Vxiu.u) 



Since 72 > 7 i > /3i(A) for A > Ag, it is easy to see that Ej^^ ^ Ej^. Thus, we have Ej^ = 
^ where E^'* is the orthogonal complement of E^^ in E^. 

Lemma 2.2 Suppose that the condition (Ai)-(A3) hold. Then there exists Ai > Ag such that 
Ex I = span{ei{X)} and /32(A) can be attained by some e 2 (A) G E^’j^ for X > Ai, where 


/ 32 (A) := inf | 1 m||^. 


Furthermore, (e 2 (A),/ 32 (A)) —>■ (<^ 27 , 72 ) strongly in H^(R^) x R as A —>■ -|-oo up to a subsequence 
for some J G N with 1 < J < fc 2 . 


Proof. Since Vx{u,u) and ||m||| are weakly continuous and weakly low semi-continuous on E^’* 
respectively, by the fact that E^’.^ is weakly closed for A > Ag, we can also use a standard argument 

to show that / 32 (A) can be attained by some e 2 (A) G E^’f for A > Ag. For the sake of clarity, the 
remaining proof will be performed through the following steps. 

Step 1 We prove that there exists Ai > Ag such that E^^ = span{ei(A)} for A > Ai. 
Indeed, suppose on the contrary that there exist e 3 (A„),e 3 (A„) G E^^ with 

(e^ (An), e 3 (A„))£;^^ =0 
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and 

/ (Xna{x) + ao)~[el{Xn)]'^dx = / (A„a(a;) + ao)“[e?(A„)]^(ia: = 1 

JR3 

for {A„} satisfying A„ +oo as n ^ oo. By Lemma [ 2.11 we can see that e*(A„) Lpi and 
e°(A„) (fi strongly in as n —oo up to a subsequence. It follows from (12.31) and 

Lemma 12.11 once more that 

271 = 2 ^i(A„) + o„(l) 

= l|et(A„)||L + l|e?(A„)||L+On(l) 

= ||V(et(A„)-e;(A„))||i.(R3)+o„(l) 

= o„{l), (2.4) 

which is a contradiction. 

Step 2 We show that limsup/ 32 (A) < 72 . 

In fact, by Step 1, we have (p 2 ,i = (i^ei(A) + ^21 where d\ is a constant and </^2 1 a i® 

projection of (p 2 ,i in ■ Thus, {ei{X),(p2,i)E x,Ex = '^aII®i('^)IIa' follows from the condition 
(2I3) and Lemma [2T] that ^ 0 as A —>■ +00 up to a subsequence. Now, by the definition of 
/ 32 (A), we can see from Lemma [2.11 (12.31) and a variant of the Lebesgue dominated convergence 
theorem (cf. [HI Theorem 2.2]) that 


lim sup/ 32 (A) 

A—^~l“Oo 


< 


,. 11/^2.I.aIIa 

lim sup ^ ^ 7 

A-)-+oo ^a(</ 22 , 1 ,A; 3^2,17) 


= lim sup 


\W 2.1 -d^ei(A)||| 


A-».+oo T>a(i/52.i — d*xei{X), ip2,i — d*xei[X)) 
||V(/?2,l|||2(R3) 


|aop||(^2.i||i2(R3) 

72- 


step 3 We prove that limsupA_).+oo/32(A) > 72 and (62(A),/32(A)) ^ (</52,i,72) strongly in 
iL^(IR®) X M as A —>• +00 up to a subsequence for some j GN with 1 < j < ^2. 

Actually, by Step 2 , we know that {e2(A)} is bounded in iA^’^(K®). Similarly as in the proof of 
Lemma ITTl we can see that (62(A),/32(A)) ^ (62,/32) strongly in L^(R^) x R as A —>• +00 up to a 
subsequence with 62 € Hq{^) and 62 = 0 outside 17 . Since 'D\{u,u) is weakly continuous on 
we also have |aoP Jq je^j^dx = 1 . Furthermore, by the theory of Lagrange multipliers, we can also 
see that (e^y/d^) satisfies ( 11 . 21 ) . It follows from a variant of the Lebesgue dominated convergence 
theorem (cf. [111 Theorem 2 . 2 ]) that 

= /32|ao|||e2||i2(R3) 

= /32(A)PA(e2(A),e;(A))+OA(l) 

= f \Ve2{X)\^dx + ox{l) 

dR3 

> l|Ve;||i2(R3). 

Thus, (e2(A),/32(A)) —>■ (€ 2 ,^ 2 ) strongly in iJ^(R®) x R as A —>• +cx) up to a subsequence. Due to 
Step 2 , we must have = 7 i 1^2 = 72- If hmsup^j^^^^^ /32(A) < 72 then there exists {A„} such 
that (e2(A„), /32(A„)) —> ((/Ji, 71) strongly in L^(R®) x R as n —>• 00 up to a subsequence. It follows 
from Lemma l 2.11 (| 2 . 3 I) and Step 2 that 


0 — (ei(A„), e 2 (A„))A„,A„ — 11^351 lli2(R3) + o„(l), 
which is a contradiction. | 


6 





Let 


' = /32(A)j. 

Vx{u,u) } 

Since 73 > 72 , it yields from Lemmaand the condition (A 3 ) that 0 ^x- 

Lemma 2.3 Suppose that the conditions (Ai)''(A 3 ) hold. Then there exists A 2 > Ai such that 
dim{Fx 2 ) ^ ^2 for A > A 2 . 

Proof. Let e 2 (A),e 2 (A) € d^\ 2 - Lemma [121 e 2 (A) —>■ Lp 2 ,j and e 2 (A) —)■ if 2 ,j' strongly in 
X K as A —)■ +00 up to a subsequence for some j,j' G N with 1 < j,j' < k 2 . Clearly, two 
cases may occur: 

( 1 ) ip2,j = ip2,f, 

( 2 ) (p 2 ,j ^ (p 2 ,j> and J^(p 2 ,j^ 2 ,j'dx = 0 . 

If case (1) happens then by a similar argument used in the proof of (12.41) . we can get that 72 = 0, 
which is a contradiction. Thus, we must have case (2). It follows that there exists A 2 > Ai such 
that dim(J^^ 2 ) < A :2 for A > A 2 . | 

Now, by iterating, for m = 3,4, • • •, we can define /3m(A) as follows: 

/3m(A) := inf ||m||^, 

where := {m G \ {u, v)x = 0, for all v G and 

■.= L&Tt\ = ^.(A)|. 

Vx{u,u) ) 

Similarly as Lemmas 12.21 and 12.31 we can obtain the following result. 

Lemma 2.4 Suppose that the condition (Ai)~(A 3 ) hold. Then there exists Am > Am-i such 
that l3miA) can be attained by some em{A) G ^ for A > A^- Furthermore, (CmW, iSmW) 
(TmJ, ^?n) stVOTl^ly %Tl H ^IK. ^ X K. CLS A y “1“00 up to Cl SuhsGC^UGTlCG fOT SOTflO J £ IVlttl 1 ^ J ^ ^tn 
and < km for A > Am, where 

Tim ■.= \ueTi\ = /3„(A) j. 

Vx{u,u) } 

Let fcg be given in (11.31) . then by Lemmas 12.11 12.21 and 12.41 0^12 ^ and iFx k’^ are well 
defined for A > At*. 

«,o 

Lemma 2.5 Suppose that the conditions (Ai)~(A 3 ) hold. Ifjk‘-i < 1 then there exists A};* > A^* 
such that for A > A^*, it holds that 

(1) ||n||2 - Vx[u, u) < i(l - 7 ^)|k|P, m 0^^' 

(2) llwlli -I>a(u,m) > i(l - 7 ^)I|m|Ia « A'k*- 

Proof. The proof follows immediately from Lemmas 12.1112.21 and 12.41 | 

Remark 2.1 By Lemmas I2.2H2.41 we also have 0.f=i ^ Xx'i = 0 in the case of 71 > 1 while 
and dim( 0 ^)l;^ ^ I'xi) — Sfci ^ case of 71 < 1 . 
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3 The nontrivial solution 


We first consider the case of Oq < 0. Due to the decomposition of Ex, we will find the nontrivial 
solution by the linking theorem. Let us first verify that Ja,\{u) has a linking structure in E\ in 
the case of oq < 0 . 

Lemma 3.1 Suppose that the conditions (Ai)-(A 3 ) hold andao < 0. For every a > 0, if j3k*-i < 1 
then there exists p > 0 independent of X such that 

inf Ja,x{u) > do (3.1) 

for all A > Afcj, where Sa,p := {u € Ex \ ||u||a = p} and do is a constant independent of X and a. 
Proof. By (12.11) and Lemma [2.51 for every u € J'x’k-^^ have 

> i(l-^)|H|2-5p-Ml + 4)f||u||P 
4 7fcs 

> (i(l - - S;Hl + dD^MrA . (3.2) 

Note that dx = Wmax{|7loo|^<S'“^, np+a a I’ —} for A > 

V 0 oo Y ao+floo fcj 

Afcj. It follows from (13.21) that there exists p > 0 independent on A such that (13.1|) holds for all 

A>Afcj. I 

Let 

fco —1 

Q\,k‘ :={« = -!; + tcfc*(A) I t > 0 and 'r e ^ 

i=l 

Then we have the following. 

Lemma 3.2 Suppose that the conditions (Ai)“(A 3 ) hold and oq < 0. Ifjk*-i < 1 then there exist 
Oo > 0 and Rq > p independent of X such that 

sup Ja,\{u) < Lo 
aefo,. ^ 

A,Kq 

for all X > Afe* in the case of a G (0,q:o), where do is given in lemma ^STlf Qa fc* QaaJ nBA.ijp 
and Ba,_Ro := {uG Ex\ ||m||a < Ro}- 

Proof. Let ux G dQxk*- Then one of the following two cases must happen; 

(а) Ux = Rux with ux G Ex,i ^-nd ||ua|U < 1- 

(б) ux = Rux with UA e Qyfcs\ 0fci ^II^aHa = 1- 
If the case (6) happens then by Lemma [231 we deduce that 

Ja,\{ux) = Ja,\{Rux) < + ^(1- )R^ -ll-S^A ||^p(r3 ) • (3.3) 

Tfco P 






Since u\ € 0^=1 by Lemmas 12.11 12.21 and 12.41 u\ = u + oa(1) strongly in for 

some u espan{(/5i,j}*=^^’2’';.'.’fc- and J^\yu\^dx = 1. Thus, ||wA|lip(R3) = l|M|lip(R3) + oa(1) due 
to the Sobolev embedding theorem. Note that dim(span{i,£5i_j}^-^^’2’...’fe°) — ZJi=i h + ^ for all 
A > Afe* by Remark EH Therefore, there exists a constant M > 0 such that ||u||ip(R3) > M for 
all u £span{(/5ij}*~^’2’...’fe’ with \\/u\^dx = 1. In particular, ||u||lp(r3 ) > M. It follows from 
4 < p < 6 and (lO) that there exists a constant i?o(> p) such that Ja,\{RoU\) < 0 for all A > . 

Now, we consider the case of (a). By Lemma 12.51 once more, we know that 

da^xi'^x') — ^ —Rq. 

Thus, there exists Oq > 0 such that Jq,a('Ua) < for A > A^j and a £ (0,ao). | 

Due to Lemmas 1,4.11 and l3. 21 we can see that da,x{,u) has a linking structure in Ex with A > A^* 
and a £ (0,ao) in the case of og < 0. By the linking theorem, there exists {rt„} C Ex such that 
(1 + \\un\\x)d'^ ;^(un) = 0„(1) Strongly in E^ and da,x{,Un) = Cq-.a + o„(l), where E^ is the dual 
space of Ex- Furthermore, Ca,A & jRq + 01 — Note that in the special case 71 > 1, 

the linking structure is actually the mountain pass geometry. Thus, the linking theorem can be 
replaced by the mountain pass theorem and we can also obtain a sequence {un} C Ex such that 
(1 + l|Mn||A)-Ia,A(^n) = strongly in El^ and da,x{un) = Ca,x + o„(l). In the case ag > 0, since 
4 < p < 6 and the fact that T>x{u, u) = 0 in Ex, by using a standard argument, we can verify that 
Jq,,a(m) has a mountain pass geometry in Ex for A > 0, that is, 

(a) infs^ - da,x{u) > C for some p > 0; 

(&) da,x{RQ4') < 0 for some Ro > p and (j) £ 

which also gives the existence of a sequence {«„} C Ex such that (1 + ||un||A).,^a a('*^") = On(l) 
strongly in E^ and da,x(,Un) = Ca,x + On(l) with Ca,A G [Ca,Ca], where Ca,C'^ are two positive 
constants independent of A. In a word, in both cases of ag < 0 and ag > 0, for A > Afe*, there exists 
{un] C Ex such that (1 + ||an|| a) xi'^n) = On(l) strongly in E^ and da,x{un) = Ca.A + o„(l) with 

Ca.A € 

Lemma 3.3 Suppose that the eonditions (Ai)-(A 3 ) hold. For every a > 0, if either og > 0 or 
ag < 0 with /3fc*-i < 1 then {||Mri||A} bounded. 


Proof. Since A > Afcj, by the condition {A 2 ) and the Holder and the Sobolev inequalities, we 
obtain that 


Rx{'^n:’^n) ^ |^o| |^n| dx ^ |ag | |./4oo | 3 S* || || ^2 ^R3p 


Note that (1 + \\un\\x)d'^^)^{un) = o„(l) strongly in El and da,x{un) = Ca,x + o„(l), by the Young 
inequality and the fact that 4 < p < 6 , we deduce that 


Ca,A T C>7i(l) 


— daxi.'^n) {da ^ 

P ' ^ 

= 0(1 - l)||Vn„||0(R3) + (1 - l)||a„||i - (1 - 1 )Da(u„,u„) 

^ P ^ P Zi P 

> ^(a||V«„||0(R3) + ||a„||i) - ^|ag||Al..|i^-i||Vn„||i3(R3) 

> ^(a||Vu„||0(R3) + ||a„||i) - 


where {■,-)e*,e>. is the duality pairing of El and Ex. The preceding inequality, together with 
Ca,x € [Ca^Ca] and 4 < p < 6 , implies {llwnlU} is bounded. | 


9 






By Lemma [3.31 we can see that Un = Ua,x + o„(l) weakly in E\ for some Ua^\ € E\ up to a 
subsequence. Without loss of generality, we may assume that Un = + o„(l) weakly in Ex- 

Lemma 3.4 Suppose that the conditions (Ai)“(A 3 ) hold. For every a > 0, if either gq > 0 or 
Go < 0 with /3fe*-i < 1 then there exists Aj,* > such that Ua^x is a nontrivial solution of ("Pa, a) 
for A > Afc*. 


Proof. We first prove that Ua,x ^ 0 in Ex- Indeed, suppose on the contrary, then by the Sobolev 
embedding theorem, we can see that Un = o„(l) strongly in which, together with the 

condition (A 2 ), implies Un = o„(l) strongly in Lf{Aoa)- It follows from Lemma 1531 the conditions 
{Ai)-{A 2 ) and the Holder and the Sobolev inequality that 


\Un\^dx < ( / \Un\'^dx 


fdx 


3(p-2) 3 (p-2) / f 

— ^ ^ ( / I'^nl dx -h Oj2(^) 




3(p-2) , , ^ ^ 5p-10 

< S -^(Ci+o„(l))^ 


1 


0-0 H“ OooA 


6 —p 


\\Un\\x+On 


+ On(I)- (3-4) 


On the other hand, by the conditions {Ai)-{A 2 ) once more, we have 


'Fxid^n^'^n) Si 1^01 / \‘^n\ dx — 0 ^( 1 ). 


(3.5) 


Therefore, we deduce from the fact that (I + HunllA) xi'^n) = o„(l) strongly in E^ that 

6 —p 

I ' 


+ ||n„||^ < 5 - 3 (P- 2 )(Ci +o„(I))^ 


^0 ^oo A 


IIA V -*-) 1 


( 1 ), 


which yields that there exists Afc* > Afc* dependent of a such that Un = o„(l) strongly in Ex with 
A > Afc*. It is impossible since Ca,x > Ca > 0 for all A > Afc*. Therefore Uq,a 7 ^ 0 in Ex- It 
remains to show that Jf p(ua,p) = 0 in E^. In fact, without loss of generality, we may assume 
that ||Mn||^2(R3) = A + o„(l) and consider the following energy functional 

IcAu) = + l\\u\\l - lvxin,u) - i||u||i,(K3). 


Clearly, by (EH|), Ia,x{u) is of in Ex for A > Afcj. Since (I + \\un\\x)JaA'^n) = o„(I) strongly 
in E^, it is easy to see from ||un||| = A + o„(l) and Un = Ua,x + On(l) weakly in Ex that 
Xa,x{'^ri),Un “ Ua,p)E*,E>. = Ori(l) and I'^A'^n) = On(l) strongly in El, so that I'^ ),{ua,x) = 0 in 
E^. In particular, {I'^ ^{ua,x),Un — Ua,p)Ei,Ex = 0- Now, we can obtain that 

On(l) = {la,xi'^ri) ~ Ia,xi'^a,x),Un — Ua^ls)El,Ex 

— CrAljuTT, Ua,p II fc2 f]U3 J “t“ II Wn || A ("^n j ^a,/3) ll'^n '^OL.jS II fcp (]R3)' 

Since — Ua,p = o„(I) weakly in Ex, by using similar arguments in the proofs of (13.41) and (13.51) . 
we can see that Un — Ua^p = o„(l) strongly in Ex for A sufficiently large, say A > Afc*. Thus, we 
must have that J'a^piua.p) = 0 in £1^ for A > Afc*. | 

The following lemma will give a description on the concentration behavior of the nontrivial 
solutions Ua,x as A —?> + 00 . 

Lemma 3.5 Suppose that the conditions (Ai)-(A 3 ) hold. For every a > 0, if either gq > 0 or 
Go < 0 with /?fc*_i < I then we have Ua,x Ua strongly in FI^{M.^) as X ^ +00 up to a subsequence. 
Furthermore, Ua is a nontrivial solution of (VI). 
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Proof. Let Ua^\„ be the nontrivial solution obtained in Lemma |3.4I with A„ —> +oo as n ^ oo. 
By Lemma [3.31 we can see that 





1 ^ + (Ana(x) + ao)''~\ua,x„f )dx < Ci 


for all n G N. 


It follows that {Mct,A„} is bounded in for n and 


[ (a(a;) +-^)+|ua,A„|^da; = o„(l). 

Jr3 

Without loss of generality, we may assume that Uq,_a„ = Wa + o„(l) weakly in Z?^’^(R^). Thanks to 
the Sobolev embedding theorem and the conditions (Ai)-(A 3 ), we can see that Uq^a„ = Ua +On(l) 
strongly in L^(R^) and Ua G with Uq, = 0 on IR^\n. Therefore, by the Holder and the 

Sobolev inequality, we get 

3p —6 

||'^Q,An ^ ||'^a,An '^a|| (||'^ct,An ||l®(M^) “1“ ll’^a IIl^(IR^)) “ ^n(l)- 

On the other hand, by a variant of the Lebesgue dominated convergence theorem (cf. [HI Theo¬ 
rem 2.2]) and the condition (Ai), we also have V\^(ua^\^ — Ua,Ua,\^ — Ua) = o„(l). Therefore, 


t\^dx 


ll'Ua.An +0„(1) 

{Ua,Xn ^ Ua,Xn) + ll'^a,A„ || A„ + II A„ ||12(r3) 


> 


alVual"^ -I- |Vuap -I- Ooluapda; -I- o„(l). 


Note that Ua G Hq{H) C it is easy to see from ^aA„(^a,A„) = 0 in that Ua is a 

solution of {V^). In particular. 


/ a|Vua|"^-|-iVual^ + aol^apda; = / |ua|^da;. 

J Q. Jq 

Thus, Ua^Xn = Ua + o„(l) strongly in and 


/ X„a{x)ul^ Xndx = On{l)- 
JR3 

It follows that Ua^Xn = Ua + o„(l) strongly in Thanks to Cq^a > Oq > 0, Ua must be 

nonzero. Hence, Ua is a nontrivial solution of (P*). | 

Now, we can give the proof of Theorem ll.il 
Proof of Theorem ll.H It follows immediately from Lemmas 13.41 and 13.51 | 
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